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Abstract

Hanoi graphs H}} model the Tower of Hanoi game with p pegs and n discs.
Sierpinski graphs S arose in investigations of universal topological spaces and
have meanwhile been studied extensively. It is proved that S embeds as a span-
ning subgraph into H if and only if p is odd or, trivially, if n = 1.
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1 Introduction

The Hanoi graphs Hj form a natural mathematical model for the Tower of Hanoi
game with p pegs and n discs. The puzzle with three pegs is well understood, cf. [5].
Surprisingly, even the simplest task—to move a perfect tower of discs to another perfect
tower in an optimal number of moves—presents a notorious open problem for four or



more pegs, cf. [1, 3, 11]. This means that the distance function on the graphs Hy,
p > 4, is far from being well understood. Some other properties of Hanoi graphs
are less difficult to access. For instance, Hanoi graphs were classified with respect to
planarity [6, Theorem 2]; they are in edge- and total coloring class 1, except those
isomorphic to a complete graph of odd or even order, respectively [7, Theorems 3
and 4]; the automorphism group of Hy is isomorphic to the symmetric group on [plo,
induced by the permutations of pegs [15, Main Theorem].

Sierpinski graphs .5}/, introduced and studied for the first time in [10], were in part
motivated by investigations of certain universal topological spaces [14]. (See the recent
book of Lipscomb [13] for the state of the art about these spaces.) It was shown in [10,
Theorem 2] that S% is isomorphic to Hj for any n. In other words, both graphs can be
represented by the same drawing but with different labellings. This difference allows
two approaches to the Tower of Hanoi; a beautiful example for using the Sierpinski
labelling is due to Romik [17]. Sierpinski graphs have been extensively studied by now;
see, e.g., recent papers [2, 4, 7, 8, 12, 16] and references therein. For instance, the
hub number of Sierpiriski graphs was determine in [12, Theorem 9] and their average
eccentricity in [8, Corollary 3.5].

Although for any p,n € N, the graphs S} and H, are defined on the same vertex
set, they cannot be isomorphic anymore for p > 3 and n > 1; for instance, it will turn
out that then [|S}|| < ||H}||, where |G| denotes the size of a graph G. Therefore it is
natural to ask whether S can be embedded into H; as a spanning subgraph. In this
note we will answer that question exhaustively by proving that this holds if and only
if p is odd. We hope that the result will lead to further insights into the mathematics
of the Tower of Hanoi.

In the next section Sierpiniski and Hanoi graphs will be defined, some of their
properties recalled and some notation introduced. In Section 3 the main result of this
note is proved and discussed.

2 Sierpinski and Hanoi graphs

Let p,n € N, then the Sierpiriski graph, S; is defined as follows. The vertex set of
Sy is the set [p]g, [plo := {0,...,p — 1}, whose elements we will denote by s,, ...s; for
simplicity. Two vertices s and ¢ are adjacent if and only if there exists a 0 € [n] :=
{1,...,n} such that

(1) 5a.= ta, for d € ]\ [3;
(ii) s5 # Ls3
(ili) sq =ts and tq = s5 for d € [§ — 1].

For any n, S} = K; and S§ = Pyn. Note also that S) = K, for any p. For a
drawing of the graph S? see Figure 1. Vertices of the form k...k = k™ are called



extreme vertices of S. Clearly, S} contains p extreme vertices and they are of degree
p — 1; all the other vertices are of degree p.
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Figure 1: Sierpiniski graph S? and Hanoi graph H3

The Tower of Hanoi consists of p vertical pegs and n discs of mutually different
diameters, each of which can be stacked onto one of the pegs. A distribution of all
discs on the pegs with no larger disc lying on a smaller one is called a reqular state. A
perfect state is a regular state with all discs arranged on one and the same peg. A legal
move is to move a disc from the top of a stack on one peg to the top of the (possibly
empty) stack on another peg, provided both states involved are regular. Labelling pegs
with numbers from [p]y and discs with numbers from [n] in increasing order according
to size, a regular state can be represented uniquely by a vector s € [p]{, which we will
again write as s, ...s1, and whose component sy is the peg on which disc d is lying.
The Hanoi graph H) is then defined on the vertex set [p]g, and two vertices (= two
regular states) are adjacent if one can be obtained from the other by a legal move. Note
that adjacent vertices of H} differ in precisely one coordinate.

Again, H' =2 K, for every n and H; = K, for any p. Every vertex (= regular
state) of HY is adjacent to exactly one vertex since only the smallest disc can move.
Therefore, HY is the disjoint union of 2”1 copies of Kj. HZ is the state graph of the
classical Tower of Hanoi. For a representation of the graph H3 see Figure 1. Vertices
of the form k ...k = k™ will be called perfect vertices of H). Note that H,} contains p
perfect vertices and that they are all of degree p — 1 because in a perfect state the only
legal moves are moves of the smallest disc. Any other vertex of H} has degree at least
2p — 3, because the second smallest disc in a top position on some peg can move to
p — 2 target pegs. (Note that there are no non-perfect vertices if p =1 or n = 1.) This
shows that S = H if and only if p € {1,3} or n = 1, because the maximal degree of



Sy isp<2p—3forp>3andn>1.

Moreover, S and H); can be viewed as constructed recursively with S; = H; and
Syt™ and H)t" composed from p copies S} and iH)', respectively. The copies S} and
JiS, are joined by the single edge {ij™, ji"}, whereas in the Tower of Hanoi all states
with discs 1 to n not on pegs ¢ and j allow for a move of the largest disc from i to j or
vice versa. This leads to the recurrences

1591 = 0= gl s+ = plspl+ (5) e = sl + () - -2
whence [|Sp || < [[H}|| for p > 3 and n > 1.

We will consider the following subgraphs of S} and H'. Let sq € [p]o for d € [n]\[r],
r € [n —1]; then s, ... 5,115, and s, ...s,11H, denote the subgraphs of S} and H}'
induced by vertices whose components s,11 to s, are fixed. Clearly, sy, ... erSg and
Sp ... sr+1Hy are isomorphic to S; and Hy, respectively.

A cligque of a graph G is a complete subgraph of G maximal with respect to inclusion,
i.e. not contained in any larger complete subgraph. A ¢-clique is a clique of order q.
The cliqgue number w(G) is the order of a largest clique of G. By induction on n one
can show that in Sj, p > 3, the only cliques are 2- and p-cliques. The p-cliques are
just the subgraphs s, ... SQS;; any edge not in these cliques induces a 2-clique. For the
cliques of H} we have:

Lemma 1 Every complete subgraph of H,, p,n € N, is induced by edges corresponding
to moves of one and the same disc. In particular, w(Hg) =p and sy ... SQH; are the
only p-cliques of Hy .

Proof. The cases p =1 and p = 2 are trivial. For p > 3 take any vertex s joined to two
vertices s’ and s” by edges corresponding to the moves of two different discs. Then the
positions of these discs differ in s" and s”. Since vertices in H} can only be adjacent if
they differ in precisely one coordinate, s’ and s” cannot be adjacent. This proves the
first assertion. In any state s, the smallest disc can move to p — 1 pegs, so that s is
contained in a p-clique. On the other hand, a disc d # 1 can be transferred to at most
p — 2 pegs, namely those not occupied by disc 1. O

3 The main result

Theorem 2 Let p,n € N. Then S} can be embedded isomorphically into Hy if and
only if p is odd or n = 1.

Proof. The case n = 1 is clear, because S; = H;. The same applies to p = 1 since
S = HJ'. Moreover, for n > 2, we have ||S%|| = 2" — 1 > 2! = ||H}|, so that S}



can not be embedded isomorphically into H}. (In fact, in this case HY is a spanning
subgraph of S7.)

Now let p > 4 be even and n = 2. Assume that « : Sg — Hg is an isomorphic
embedding. By Lemma 1, the p-cliques of SIQ; are mapped onto the p-cliques of Hg.
The remaining edges of Sg, which are of the form {ij, ji}, i # j, have to be mapped
by « to edges in Hg corresponding to moves of disc 2. Note that these (12?) edges of Sg
are pairwise non-incident. On the other hand, edges in Hg corresponding to moves of

disc 2 induce p cliques of order p— 1. Among the edges of these cliques, we can select at
most p Lp%lJ independent ones. Since p is even, p Lp%lJ <p p—gl = (5). We conclude

that Sg cannot be embedded isomorphically into Hg.

We will now reduce the more general case for even p, but with n > 3, to the
case just dealt with by considering the image of subgraph 0"*253 under an assumed
isomorphic embedding « of S} into H). By the degree condition, o maps extreme
vertices onto perfect vertices, in particular, «(0") = j" for some j. Using Lemma 1
again, a(O"flS;) = j”le;. Moreover, the subgraph O"*2512) of S contains p — 1 p-
cliques that are at distance 1 from the clique 0”_151%. All the other cliques of S} are at
distance more than 1 from O"flS;. Similarly, the subgraph j"*QHg of H} contains p p-
cliques that are pairwise at distance 1. Every other clique of Hg is at distance at least
two from j" 'H]. Therefore, a(0"257) = j"?H}. Hence a embeds 0" 25} = S2
isomorphically onto j”_QHg = Hg, a fact which we already excluded.

Suppose next that p > 3 is odd. We will show by induction on n that there is
an isomorphic embedding of S into Hy, the case n = 1 being trivial. By the degree
condition, any such embedding must map extreme vertices of Sy onto perfect vertices
of Hy. For n > 1 let ¢, be an isomorphic embedding from Sj' onto H}. Since an
arbitrary permutation of the perfect states of H} extends to an automorphism of H)}
(cf. [15]), we may without loss of generality assume that ¢, (k™) = k™ for all k. We
construct the mapping t14, : Syt" — H)*" in the following way. For k € [plo define
the permutation 7 on [p]y as follows:

. . 1 .
Vi e [plo: mi(i) =5 (k(p+1) —i(p—1)) mod p;
it has precisely one fixed point, namely k. Then let 7} denote the bijection on [p]j
with 772 (sy, ... s1) = m(sp) ... T(s1). Define

VEkeploVseplg: tisn(ks) =knp (tn(s)) -
This obviously constitutes a bijection with
Uan (BT = kgl (6, (K™)) = kap (k) = KM

It remains to show that {t14,(ij"), t14n(ji")} € E(H™™) for i,j € [plo, i # j. We
have ¢145(ij") = i7}" (1p(3™)) = tm;(§)"™ and similarly ¢14,(ji") = jm;(i)". Moreover,

. o1, 1. .
Z#M(J):§(zp+1—3p+3)modp=§(Jp+y—zp+2)modp=7rj(l)#J,



and so the two vertices are adjacent in H;. O

Let ry > 2, £ € [n], be given integers. Let G be the graph whose vertices are
[r1] X [re] x -+ x [r,], two vertices being adjacent if the corresponding tuples differ
in precisely one coordinate. Then G is called a Hamming graph. Alternatively, a
Hamming graph is the Cartesian product graph K,, OK,, O --- OK, . As observed
in [9, Section 2.2], Hanoi graphs H} are spanning subgraphs of K, 0 --- OK, = K.
Therefore, we get

Corollary 3 Let p be odd. Then for anyn, S) is a spanning subgraph of the Hamming
graph K.
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